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NASA TT 'F-13 ,014  

NATURAL OSCILLATIONS OF A GAS FLOU ABOUT A LATTICE OF 
PLATES 

V.  B .  Kurzin 

ABSTRACT. O s c i l l a t i o n s  of a gas flow around a l a t t i c e  of 
p l a t e s  were s t u d i e d  w i t h  t h e  app l i ca t ion  of t h e  cont rac t ion  
method f o r  s o l u t i o n .  Also considered were na tura l  o s c i l l a -  
t i o n s  of gas i n  an i n f i n i t e  plane,  channel l ing t h e m  annu la r ly , ,  
given t h e  condi t ion of s p a t i a l  p e r i o d i c i t y  of flow. 

The con t r ac t ion  method i s  used t o  s o l v e  t h e  problem of t h e  n a t u r a l  o s c i l -  /6S* - 
l a t i o n s  of  a gas flowing about a l a t t i ce  of p l a t e s .  

condi t idn  of  s p a t i a l  p e r i o d i c i t y  of  t h e  flow, t h e  n a t u r a l  o s c i l l a t i o n s  of a gas 

i n  an i n f i n i t e  p l a t e  a r e  considered,  modeling t h e  n a t u r a l  o s c i l l a t i o n s  of a gas 

i n  an annular  channel.  

In  add i t ion ,  under t h e  

" ,  

I n t e r e s t  i n  s tudying  t h i s  problem was evoked by t h e  r e s u l t s  of  a s e r i e s  of 

experiments on t h e  o s c i l l a t i o n s  of a l a t t i c e  of p l a t e s  i n  a subsonic  gas flow 

[ l -41 .  I t  was demonstrated i n  t h e s e  papers  t h a t  f o r  a c e r t a i n  combination of 

l a t t i c e  parameters and parameters of i n c i d e n t  flow, t h e  non-s ta t ionary  aerody- 

namic c h a r a c t e r i s t i c s  of  t h e  p l a t e s  a r e  h igh ly  dependent on t h e s e  parameters.  

From t h e  phys ica l  s t andpo in t ,  such phenomena found t h e i r  explana t ion  i n  t h e  

acous t i c  resonance of t h e  e x c i t e d  gas,  produced by o s c i l l a t i o n s  of  t h e  p r o f i l e ,  

with corresponding o s c i l l a t i o n s  of t h e  gas i n  t h e  l a t t i c e  reg ion  i n  ques t ion .  

I t  was noted i n  t h i s  regard t h a t  resonance regimes show a s i g n i f i c a n t  reduct ion  

of aerodynamic deformation of t h e  l a t t i c e  o s c i l l a t i o n s .  

This  f a c t  was mentioned i n  [SI i n  a s tudy  of t h e  o s c i - l a t i o n s  i n  a x i a l  com- 

I t  was i n  t h i s  paper t h a t  t h e  r e l a t i o n s h i p s  determining t h e  va lues  of  p re s so r s .  

t h e  n a t u r a l  o s c i l l a t i o n s  of  a gas i n  an annular  channel i n  a c i r c u l a r  d i r e c t i o n  

were f irst  s t a t e d .  

by o t h e r  methods, a r e  a l s o  found i n  [6, 71. 

The same r e l a t i o n s h i p s ,  bu t  i n  a d i f f e r e n t  form and obtained 

1. Let us begin by consider ing t h e  problem of t h e  n a t u r a l  o s c i l l a t i o n s  o f  

a gas flow i n  an i n f i n i t e  plane.  The p e r i o d i c  s o l u t i o n s  of t h i s  problem w i l l  be 

a model of t h e  n a t u r a l  o s c i l l a t i o n s  of a gas i n  an annular  channel.  The 
"Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  fo re ign  t e x t .  
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mathematical problem amounts t o  a de te rmina t ion  of t h e  s o l u t i o n  of t h e  equat ion,  

l imi ted  t o  t h e  e n t i r e  plane,  f o r  t h e  amplitude of  t h e  non-s ta t ionary  component 

of t h e  p o t e n t i a l  of t h e  flow r a t e  4 .  In  a dimensionless Car tes ian  system of  

coordinates  x and y: r e l a t i v e  t o  some c h a r a c t e r i s t i c  length  e ,  it has t h e  form 

Here w i s  t h e  frequency of o s c i l l a t i o n  of the gas ,  U is  t h e  speed of t h e  . 
undisturbed flow of gas along t h e  x a x i s ,  and a is t h e  speed of sound i n  an 

undis turbed flow. 

Rotat ing axes x and y through angle  0 ,  w e  shift t o  new dimensionless 

coordinates  5 ,  n :  
E = II: COS $ - y sir1 p, '1 = z s in  $ + y COS p 

I n  t h i s  system of coord ina tes ,  (1.1) is changed t o  read as  fol lows:  

We sha l l  seek the genera l  s o l u t i o n  of  (1.31 i n  the c l a s s  of func t ions  which 

are p e r i o d i c  i n  the d i r e c t i o n  n ,  wi th  a per iod  L which i s  equal t o  t h e  length  o f  

t h e  circumference of t h e  corresponding annular  channel, a l s o  r e l a t i v e  t o  e .  
Then t h e  func t ion  (p i s  represented  by a Four ie r  s e r i e s :  

_I_ /69 

- 

n=--co 

and t h e  p a r t i a l  p e r i o d i c  s o l u t i o n  of -  (1.3) 'can be expressed as fo l lows:  

qn =ex:, -+ j 2n:rq / L)  
._ . - 

S u b s t i t u t i n g  (1.5) i n  (1.3), we ob ta in  t h e  c h a r a c t e r i s t i c  equat ion  f o r  

determining X whose s o l u t i o n  has  t h e  form 
^z1' 

Thus, t h e  genera l  s o l u t i o n  of  (1.3) which s a t i s f i e s  t h e  condi t ion  of 

p e r i o d i c i t y  i n  t h e  d i r e c t i o n  of a x i s  r i  has t h e  form 
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Xf t h e  s u b r a d i c a l  expression i n  (1.6) f o r  X i s  less than o r  equal t o  2n 
zero,  t h e  corresponding term of  t h e  series (1.7) 

where 6 is  some a r b i t r a r y  number, w i l l  be t h e  n a t u r a l  func t ion  o f  t h e  problem 

i n  ques t ion .  I t  sat isf ies  (1.3) and i s  bounded i n  t h e  e n t i r e  p l ane .  S i m i l a r  

s o l u t i o n s  of  t h e  Helmholtz equat ion f o r  an i n f i n i t e  plane are given ( f o r  

example) i n  t h e  book by Courant and G i l b e r t  [ 8 ] .  

Let u s  e x t r a c t  from (1.8) t h e  f a c t o r  exp (jX 6) which c h a r a c t e r i z e s  t h e  In 
d r i f t  o f  t h e  gas d i s tu rbance  i n  t h e  flow i n  t h e  d i r e c t i o n  5 ,  assuming 

Cpn = exp (jhln6) $n*. 
of  two t r a v e l i n g  waves, propagat ing i n  d i r e c t i o n s  which are symmetrical rela- 

t i v e  t o  ax is  n .  
i s  a t r a v e l i n g  wave propagat ing only i n  t h e  d i r e c t i o n  of a x i s  n .  

Then t h e  func t ion  Cp * exp (jut) w i l l  be  a supe rpos i t i on  n 

I n  t h e  boundary case, when XZn = 0, t h e  func t ion  $ * exp (jut) n 

- 
Let u s  in t roduce  t h e  des igna t ions  

L = N h ,  n = n,N + m, p = 2nm / N 
( n i = o , i  ...., N-1; m = O ,  k l , k ?  ,... ) (1.9) 

where N i s  some n a t u r a l  number. Then 

(1.10) 

and w e  can s e e  t h a t  t h e  cond i t ion  X = 0 co inc ides  with t h e  cond i t ion  of  

a c o u s t i c  resonance of t h e  n a t u r a l  o s c i l l a t i o n s  o f  a gas i n  an i n f i n i t e  p l ane  

with disJurbances evoked by a p u l s a t i n g  cha in  of  d i p o l e s  [7] arranged along 

t h e  a x i s  n with i n t e r v a l s  h :  

. 2n. 

From ‘ t h e  phys ica l  s t andpo in t ,  t h i s  means t h a t  a chain of d i p o l e s ,  - /70 
r a d i a t i n g  a d i s tu rbance ,  r e s o n a t e s  with those  n a t u r a l  o s c i l l a t i o n s  of  a gas 

which do n o t  con ta in  waves approaching from l e f t  o r  r i g h t ,  from i n f i n i t y  t o  

t h e  T-I a x i s .  

As i n d i c a t e d  i n  [2-51, cond i t ion  (1.11) a l s o  determines some p r o p e r t i e s  

of  t h e  non- s t a t iona ry  flow of a gas through t h e  p l a n e  l a t t i c e  of a p r o f i l e .  
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. _  . - I - - . _I I ._ 
I 

In  t h i s  case t h e  parameter  h is  t h e  dimensionless  i n t e r v a l  of  t h e  l a t t i c e ,  

r e l a t i v e  t o  t h e  semichord of  t h e  p r o f i l e  e ,  and t h e  parameter 0 i s  t h e  l o s s .  , 
ang le  of t h e  l a t t i c e .  

t h e  source o f  t h e  e x c i t e d  gas; with synchronous o s c i l l a t i o n s  of  i t s  p r o f i l e  
I having i d e n t i c a l  amplitudes and a cons t an t  phase s h i f t  p, it s t i m u l a t e s  a 

corresponding form of n a t u r a l  o s c i l l a t i o n  i n  t h e  i n f i n i t e  p l ane .  The i n t e r -  j 
a c t i o n  of the l a t t i c e  p r o f i l e s  with t h e  gas dec reases  sha rp ly ,  and t h e  aero- 

i 
dynamic damping of t h e  o s c i l l a t i o n s  of  t h e  p r o f i l e  a l s o  dec reases .  Defining 

t h i s  phenomenon i n  flow around a l a t t i c e  as a c o u s t i c  resonance, we must men- , 

t i o n  i t s  d e f i n i t e  c o n d i t i o n a l i t y ,  s i n c e  t h e  n a t u r a l  o s c i l l a t i o n s  o f  a gas 

i n  a ' f l a t t i c e f t  region i n  t h e  general  case do n o t  co inc ide  with t h e  n a t u r a l  

o s c i l l a t i o n s  we have considered.  

1 

I 

i Like t h e  p u l s a t i n g  chain of d i p o l e s ,  t h e  l a t t i c e  i s  

I 

I 

i 

2. I n  t h e  case  o f  flow around a l a t t i c e  of p l a t e s  by a subsonic  streain 

-of gas,  t h e  problem o f  t h e  n a t u r a l  va lues  c o n s i s t s  i n  t h e  determinat ion of  

t h e  n o n - t r i v i a l  s o l u t i o n  of (1.3) under  t h e  cond i t ion  of l i m i t a t i o n  of t h e  

l a t t i c e  t o  an i n f i n i t e  e x t e n t  behind and i n  f r o n t  of  t h e  l a t t i ce  (Figure 1). 
I 

(2.1) -- - _  . - .- _ _  _ _ _  rp< (x: w h e n I t I - + x ,  _ - - _  __ _--- 

and with a uniform cond i t ion  of  non-flow of  t h e  gas through t h e  p l a t e s :  
&play= OwhenY=nkcOsi? I 

nh sin p <z < nhsin ,C + 2 (2 - 2) 
We s h a l l  l i m i t  ou r se lves  t o  a 

Figure 1.  

c o n s i d e r a t i o n  of  t hose  flows i n  

which t h e r e  are no  v o r t i c a l  traces 

beyond t h e  p l a t e s .  We s h a l l  seek 

t h e s e  s o l u t i o n s  with t h e  a i d  of  t h e  

method of  c o n t r a c t i o n  [SI. According 

t o  t h i s  method, t h e  flow reg ion  i s  

broken up i n t o  r eg ions  D * and D2* 
. ( loca t ed  t o  t h e  l e f t  and r i g h t ,  re- 

1 

s p e c t i v e l y ,  of  t h e  l a t t i c e  and bounded by l i n e s  j o i n i n g  t h e  l ead ing  and 

t r a i l i n g  edges of t h e  p l a t e s )  and r eg ion  D 

(Figure 1)). 

(enclosed between t h e  p l a t e s  n 
I n  r eg ions  D * and D 2 * ,  i n  accordance with t h e  concept o f  1 



p e r i o d i c  func t ions  (1 .7 ) ,  t h e  most genera l  express iqn  f o r  t h e  n a t u r a l  func- 

t i o n s ,  with cons ide ra t ion  of s u b s t i t u t i o n  (1.11) has  t h e  form 

I t  w i l l  be  shown l a t e r  on t h a t  any d e s i r e d  func t ion  i n  t h e s e  reg ions  

i s  descr ibed  by one of t h e  terms o f  t h e  sum over m.  
t i o n  (2.1) and from t h e  condi t ion  of t h e  absence of waves a r r i v i n g  from i n -  

f i n i t y ,  it fol lows t h a t  t h e  c o e f f i c i e n t s  a 
D2* and c o e f f i c i e n t s  bml are equal  t o  zero  i n  reg ion  D *. 
assume t h a t  f o r  reg ion  D * 

In  a d d i t i o n ,  from condi- 

a r e  equal  t o  zero i n  region 
7iml 

Therefore  we 1 

1 

I n  (2.4) and (2.5)  and t h e  equat ions  t h a t  fo l low,  t h e  s u b s c r i p t  1 i n  -. - /71 

n i n  cons t an t s  a and bml i s  omit ted.  1 ??ml 
The func t ions  Q * and Q2* and t h e i r  f i r s t  d e r i v a t i v e s  w i l l  be  continuous 1 

i n  reg ions  D * and D2* with  t h e  p o s s i b l e  except ion of  t h e  va lues  rl = sh and 

= 2 s i n  13 + sh (s = 0,  +1, + 2 ,  ...) a t  t h e i r  boundaries ,  corresponding t o  
1 

t h e  coord ina tes  of t h e  edges of t h e  p r o f i l e s .  

t h a t  at t h e s e  p o i n t s  t h e  d e r i v a t i v e  of t h e  func t ion  of t h e  speed p o t e n t i a l  

may have a s i n g u l a r i t y  of  t h e  type  (r - r ) -'I2, where r 
of one of t h e  edges of t h e  s - t h  p r o f i l e  and r i s  t h e  r ad ius  v e c t o r  of t h e  

flowing coord ina te .  However, r e g a r d l e s s  of  t h e s e  s i n g u l a r i t i e s ,  t h e  c o e f f i -  

c i e n t s  a n 1 
$**, analogous t o  t h e  ser ies  of express ions  (2 .4)  and ( 2 . 5 ) ,  t end  toward zero  

a t  n + m so t h a t  

From thin-wing theo ry  we know 

i s  t h e  coord ina te  
S S 

and bnl of t h e  series f o r  d e r i v a t i v e s  of t h e  func t ions  Q * and 
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Here i n  t h e  form e / Jq (h  - q)  w e  have i s o l a t e d  t h e  term with t h e  
0 

s i n g u l a r i t y  from t h e  d e r i v a t i v e  func t ions  4 * (O,  TI), $2*(2 COS 8 ,  TI). Con- 
1 

sequent ly ,  t h e  series f o r  t h e  f i rs t  d e r i v a t i v e  func t ions  of t h e  speed poten- 

t i a l  converge a t  any va lue  of q ,  excluding t h e  coord ina tes  of  t h e  edges of  

t h e  p r o f i l e s  . 
I n  reg ions  D t h e  genera l  expression of t h e  n a t u r a l  func t ions  w i l l  be n 

determined by t h e  s o l u t i o n  of mixed problems of  t h e  type 
. _  . .  _ _ _  * .  

. -  -. (pn =ql* w i t h  E =0, qn = y2* w i t h  E = 2 c o s  
8yn / dy = 0 w i t h y  = nh cos p,  y = (n + 1) hcos  f3 (2.6) 

The func t ions  +n w i l l  be  sought i n  t h e  form of an i n f i n i t e  series of 

s o l u t i o n s  of  ( l . l ) ,  each of which s a t i s f i e s  t h e  condi t ion  of no t  f lowing 

through. Considering t h a t  t he  f i rs t  two condi t ions  (2.6) d i f f e r  f o r  t h e  

var ious  reg ions  only by t h e  f a c t o r  exp ( j n u ) ,  t h e  genera l  expression f o r  t h e  

func t ion  4 may be represented  a s  fo l lows:  n 

The cons tan t  a and bn of  func t ions  (2.4) and (2.5) as well as t h e  n 
cons tan ts  e and d of func t ion  (2.7) w i l l  be determined i n  accordance w i t h  

t h e  method of con t r ac t ion  from the  condi t ion  of  c o n t i n u i t y  of t h e  d e s i r e d  

func t ion  and i t s  normal d e r i v a t i v e  on l i n e s  E, = 0 and 5 = 2 cos B ,  excluding,  

perhaps,  t h e  p o i n t s  which ocrrespond t o  t h e  coord ina tes  of the  edges of t h e  

p r o f i l e .  This au tomat ica l ly  sat isf ies  t h e  first two condi t ions  (2.6) f o r  

func t ion  (2.7) .  

m m 

I t  should be mentioned t h a t  i t  i s  s u f f i c i e n t  t o  c a r r y  out  t h e  cont rac-  

t i o n  of  func t ions  (2.4) and ( 2 . 5 )  wi th  func t ion  (2.7) i n  t h e  space of  only 

one h i n t e r v a l .  

it is  lacking  due t o  the  condi t ion  of p e r i o d i c i t y .  

On t h e  remaining po r t ions  of t h e  l i n e s  5 = 0 and 5 = 2 cos f; 

But s i n c e  expressions 

(2.4) and. (2.5) desc r ibe  t h e  a r b i t r a r y  func t ion  of t h e  des i r ed  s o l u t i o n  i n  

t h e  space o f  one i n t e r v a l ,  i t  i s  p o s s i b l e  t o  s t a t e  t h a t  summation over t h e  
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subsc r ip t  m i n  (2 .3 )  does not  g ive  a mare genera l  i d e a  of t h e  d e s i r e d  so lu-  

t i o n  and may be e l imina ted .  
I 

Thus, equat ing func t ions  (2 .4 )  and (2.5)  and t h e i r  d e r i v a t i v e s  i n  t h e  

d i r e c t i o n  5 t o  t h e  func t ion  (2 .7)  and i t s  d e r i v a t i v e  on l i n e s  6 = 0 and 

6 = 2 cos B, r e s p e c t i v e l y ,  we w i l l  ob t a in  f o u r  r e l a t i o n s h i p s  which l i n k  t h e  

unknown cons tan t s .  

For t h e  sake of  b r e v i t y ,  we s h a l l  write only two of t h e s e  equat ions - / 7 2  
which s a t i s f y  t h e  condi t ions  of  c o n t i n u i t y  on t h e  l i n e  5 = 0: 

m 

To determine t h e  unknown cons tan t s  from system (2.8) we w i l l  s h i f t  t o  

an i n f i n i t e  system of  a l g e b r a i c  equat ions .  With t h i s  goal i n  mind, t h e  r e l a -  

t i onsh ips  obtained a r e  m u l t i p l i e d  on t h e  l e f t  and r i g h t  by t h e  func t ion  

exp [ - j  ( Z m  + p) x q / h ] ( n  = 0,  1, 2 ,  ...) and i n t e g r a t e d  over q from 0 t o  h.  

We w i l l  then  have 
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Here 

From each pair of the system (2.9) it is easy to exclude the constants 

a 

conditions of continuity on the line 5 = 2 cos B ,  the system of equations for 
-determining the unknown constants e 
form : 

Performing similar operations for the relationships that fulfill the n’ 

and d m m is obtained in the following 

(2.10) 

Since system (2.10) will be uniform, the existence of its non-trivial /73 
solution is possible only under the condition of equality to zero of the 
determinant, composed of the coefficients at unknown constants. Thus, the 
problem under consideration becomes one of determining the natural values of 
an infinite system of algebraic equations (2.10). 

It should be mentioned that the app,roximate values of the natural 
numbers of the system (2.10), with the accuracy given in advance, can be de- 
termined from the truncated system, i.e., we shall use the method of reduction 
for its solution. 
significant computational difficulties. For the sake of illustration, we have 
listed below an analysis of the natural oscillations of a gas in a lattice 

In the general case, however, even this problem poses 
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a r e a ,  u s ing  t h e  s imples t  example o f  flow about a l a t t i c e  without removal. 

3 .  I n  t h e  case of a l a t t i c e  without removal ( B  = 0) t h e  i n f i n i t e  

system of a l g e b r a i c  equat ions is  s i m p l i f i e d  considerably.  I n  f ac t ,  a t  

B = 0 t h e  c o e f f i c i e n t s  A = B , 0 = 0 ‘ I ,  o = A and t h e  system of 

equat ions (2.10) assumes t h e  form 
nm nm nm n m .  I n  

. . .  

From t h i s  it fol lows t h a t  e = d , and system (2.10) thus  assumes t h e  rn m 
form 

m=o .~ 

Note f i rs t  of  a l l  t h a t  a t  1-1 = 0 t h e  c o e f f i c i e n t s  A = 0 i f  m f 2n. n m 
But s i n c e  A = a t  m = 2n, it fol lows from system (3.1) t h a t  a l l  cons t an t s  

e and d (and consequently a and b as w e l l )  i n , t h i s  ca se  are equal  t o  

zero.  Thus, a t  1-1 = 0 t h e r e  i s  no n o n - t r i v i a l  s o l u t i o n  of system (3.1) .  

Furthermore, it is  easy t o  see t h a t  i f  t h e  v a l u e  Am becomes zero a t  some 

f i x e d  va lue  of rn, t h e  two columns of  the determinant  of  the system w i l l  

converge. 

m ‘2n 

m rn n n 

Thus, tne c o n d i t i o n  A = 0 determines t h e  composition of  t h e  parameters m 
. ... 

(3.2). 

a t  which a gas flowing about a l a t t i c e  of p l a t e s  without  removal can complete 

n a t u r a l  o s c i l l a t i o n s  .. The n a t u r a l  func t ions  o f  (1.1) corresponding t o  t h e s e  

o s c i l l a t i o n s  have t h e  form 

( 3 . 3 )  cp = exp (io.) cos (mzy / h)  
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I 

I Note t h a t  (3 .2)  co inc ides  with r e l a t i o n s h i p  (1..11) a t  f3 = 0 and 1-1 = T, 

i . e . , r i n  t h i s  p a r t i a l  case t h e  n a t u r a l  o s c i l l a t i o n s  of  t h e  gas i n  t h e  l a t t i c e  

region co inc ide  with t h e  n a t u r a l  o s c i l l a t i o n s  of  t h e  gas i n  a dimensionless  

plane.  

In  t h e  case  o f  induced o s c i l l a t i o n s  o f  t h e  l a t t i c e  a t  a frequency t h a t  

s a t i s f i e s  cond i t ion  (3 .2 ) ,  t h e  p e r i o d  of  t h e  o s c i l l a t i o n s  i s  a m u l t i p l e  of 

t h e  t ime r equ i r ed  f o r  t h e  wave o f  d i s tu rbance  t o  t r a v e l  from some p o i n t  on 

t h e  p r o f i l e  t o  t h e  corresponding p o i n t  of  t h e  ad jacen t  p r o f i l e  and, be ing  

, '  r e f l e c t e d ,  t o  r e t u r n  t o  t h e  o r i g i n a l  p o i n t .  If t h e  v i b r a t i o n s  o f  t h e  ad ja -  

cen t  p r o f i l e s  a r e  then  completed i n  an t iphase ,  t h e  d i s tu rbances  evoked by 

each of t h e  p r o f i l e s  w i l l  b e  superposed and a c o u s t i c  resonance w i l l  occur.  

However, t h e  n a t u r a l  o s c i l l a t i o n s  of a gas t h a t  ar ise  under cond i t ion  

(3.2) do n o t  exhaust t h e  e n t i r e  spectrum of n a t u r a l  o s c i l l a t i o n s  which a r e  
o f  p r a c t i c a l  i n t e r e s t  f o r  t h e  case of a l a t t i c e  of p l a t e s  without  removal. 

The n a t u r a l  o s c i l l a t i o n s  which are considered inc lude  only o s c i l l a t i o n s  i n  

t h e  t r a n s v e r s e  d i r e c t i o n  ( i n  t h e  d i r e c t i o n  of  t h e  f r o n t  of t h e  l a t t i c e ) .  In  

accordance with t h e  r e s u l t s  known from a c o u s t i c s  f o r  open r e s o n a t o r s  [ l o ] ,  
w e  can expect  n a t u r a l  o s c i l l a t i o n s  of t h e  gas  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  

as well ,  s i n c e  t h e  channels between t h e  p r o f i l e s  are e s s e n t i a l l y  r e s o n a t o r s  

of t h i s  kind.  
I 

In t h e  f irst  approximation t h e  n a t u r a l  f r equenc ie s  o f  such o s c i l l a t i o n s  

w i l l  be  determined from c o n d i t i o n  [6] 

k = (1 - W )  rtn~ / 2 ( m  = 1, 2, . * .) 
. .  (3.4) 

corresponding t o  t h e  case  of  complete r e f l e c t i o n  of a p l ane  wave with s l i g h t  

d i s tu rbance  from t h e  open ends. 

In  r e a l i t y ,  t h e  p l a n e  wave i s  n o t  r e f l e c t e d  completely f r o i  t h e  open 

end, b u t  i n t e r a c t s  w i th  t h e  surrounding space,  i nc lud ing  t h e  ad jacen t  channels 

between p r o f i l e s .  Therefore ,  t h e  corresponding n a t u r a l  f u n c t i o n  w i l l  n o t  be  

a simple p l ane  wave, l o c a l i z i n g  i t s e l f  i n  one channel,  b u t  some complex - /74 
func t ion  i n  t h e  e n t i r e  flow p lane ,  a l lowing f o r  t h i s  i n t e r a c t i o n .  The n a t u r a l  

f r equenc ie s  of t h e  o s c i l l a t i o n s  w i l l  d i f f e r  from t h e  va lues  determined b y  

(3.4) * 
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I 
I 
i Let us in t roduce  t h e  parameter ci t a k i n g  i n t o  account t h e  c o r r e c t i o n  m y  

a t  th) open end i n  (3 .4 ) ,  s i n c e  t h e  va lue  o f  t h e  in t roduced  

of t h e  l o n g i t u d i n a l  o s c i l l a t i o n s  of t h e  gas is  
- . r;, = (1 - LIP) Slln (1 + am)/2 ( m  = 1, 2 , .  . .) 

The va lue  of t h e  parameter a as wel l  as t h e  n a t u r a l  

d e s i r e d  o s c i l l a t i o n s ,  can be determined wi th  t h e  a i d  of  t h e  

system (3 .1) .  

m y  

n a t u r a l  f requency 

( 3  5) 

f u n c t i o n  of t h e  

s o l u t i o n  of 

Let us cons ider  t h e  example of  t h e  c a l c u l a t i o n  f o r  m = 1, 1-1 = IT. I n  

t h i s  case ,  t h e  express ions  f o r  t h e  n a t u r a l  func t ions  (2 .4) ,  (2.5) and (2.7) 

a r e  converted t o  t h e  form 

Following t h e  method of r educ t ion ,  system (3.1) was t runca ted  i n  ca lcu-  

-3a t ion  t o  N = 30 equat ions .  The e q u a l i t y  t o  zero  of  t h e  determinant  of  t h e  

t runca ted  system a t  f i x e d  va lues  of M and h was viewed as an approximate 

cond i t ion  f o r  t h e  de te rmina t ion  o f  t h e  parameter  ci 1' 

k The r e s u l t s  of  t h e  c a l c u l a t i o n  of  parameter  01 as a func t ion  of  t h e  

dimensionless  i n t e r v a l  h a t  va lues  of the number M = 0, 0 .5  and 0.7 a r e  shown 

i n  Figure 2 .  Analyzing t h i s  curve,  it i s  i n t e r e s t i n g  t o  no te  t h a t  ci +- 0 a t  

h -+ 0. From t h e  phys ica l  p o i n t  o f  view, t h i s  r e s u l t  can be  explained by t h e  

f a c t  t h a t  wi th  an i n c r e a s e  i n  t h e  l eng th  of t h e  channel ,  t h e  amount of k i n e t i c  

energy o f  t h e  d i s t u r b e d  gas r a d i a t e d  from t h e  open end decreases  r e l a t i v e  t o  

t h e  energy of t h e  gas o s c i l l a t i n g  wi th in  t h e  channel ;  a t  t h e  l i m i t  ( f o r  an 

1 -  
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i n f i n i t e l y  long channel) i t  tends  toward zero .  
. .  

0.4 0.8 LZ 16 

Figure 2 .  

n =  
an = 

an= 0.0241 

- cn= -0.69- 
. n =  ' 5 . 

c,= 0,0224 

These va lues ,  accu ra t e  

c o e f f i c i e n t s  ca l cu la t ed  from 

0 .  
1 .O 

j 3.12 
6 

0.0191 
O.OlGS 

Let u s  l i s t  t h e  r e s u l t s  of t h e  

c a l c u l a t i o n  of t h e  va lues  of t h e  

f i r s t  t e n  d e s i r e d  c o e f f i c i e n t s  a 
and c normalized over a a t  h = 1 

and M = 0 . 7 . .  

n 
n 0' 

1 
0.1660 
0.2450 

7 
0.0157 
0.0132 

2 3 4 
O.OTG1 0.0462 . 0.0320 
O.OS9S 0.0459 0.0316 

8 9 10 
0.0132 . 0.0114 0.0101 
P.0107 O.COE9 0.0075 

/75 - t o  t h e  t h i r d  decimal p l ace ,  co inc ide  with t h e  

a system t runca ted  a t  20 equat ions,  which i s  an 

i n d i c a t i o n  of t h e  good agreement of t h e  method of reduct ion  i n  t h i s  case. 

However, as f a r  as we can judge from t h e  decrease  of t h e  c o e f f i c i e n t s ,  t h e  

agreement of t h e  d e r i v a t i v e s  of  t h e  des i r ed  func t ion  i s  poor.  

This  fact  is  i l l u s t r a t e d  by Figure 3 ,  which shows t h e  dependencies of 

t h e  normal d e r i v a t i v e s  of func t ions  (9 ( s o l i d  curve) and (9 * (dashed curve) 

upon y on t h e  l i n e  x = 0.  

d e r i v a t i v e s  of t h e  d e s i r e d  func t ions  t o  t h e  l e f t  and r i g h t  of t h e  l i n e  of  

con t r ac t ion  d i f f e r  from one another  with r e spec t  t o  t h e  magnitude of t h e  

order  of e r r o r  of  t h e i r  approximation by a f i n i t e  t r igonometr ic  s e r i e s .  

(Contract ion of a c t u a l  func t ions  $I and I $ ~ *  i n  t h e  case i n  ques t ion  occurs  

with an accuracy u p ' t o  3-4 s i g n i f i c a n t  f i g u r e s ) .  

o rder  of descent  of t h e  c o e f f i c i e n t s  a and b a t  t h e  edges of t h e  p l a t e s ,  

t h e r e  i s  a c l e a r l y  pronounced exc lus ion  of t h e  d e r i v a t i v e s  from t h e  des i r ed  

func t ions .  

found a t  both ends of t h e  p l a t e .  

0 1 
I t  i s  c lear  from t h e s e  curves t h a t  t h e  normal 

0 
I n  accordance with t h e  

n n 

Depending on t h e  s t r u c t u r e  of t h e  s o l u t i o n ,  t h e s e  f e a t u r e s  a r e  

12 



I t  should be noted t h a t  such 

s o l u t i o n s  ev iden t ly  e x i s t  p h y s i c a l l y  

only when M = 0 . .  In a flow with 

M f 0,  t h e  maximuni p r a c t i c a l  i n t e r e s t  

i s  produced by s o l u t i o n s  i n  a c l a s s  

wi th  l i m i t e d  d e r i v a t i v e s  a t  t h e  

t r a i l i n g  edges of  t h e  p l a t e s .  In  

t h e  gene ra l  ca se ,  t h e s e  s o l u t i o n s  

must be sought wi th  cons ide ra t ion  

of  t h e  v o r t i c a l  t r a c e s  and t h e  

corresponding n a t u r a l  va lues  among 

Figure 3 .  t h e  complex numbers. 
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